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Abstract

A hybrid method for photoelasticity is introduced and applied to the plane problems of isotropic polycarbonate plates
with a central crack under uniaxial and equal biaxial tensile loads. Also, the influences of equal biaxial tensile loads on
the isochromatic fringes, stress fields and stress intensity factors near the mixed mode crack-tip have been investigated.
The results show that, when an equal lateral tensile load is added to the specimen under uniaxial tensile load, the
asymmetric isochromatic fringes about the line of crack gradually become symmetric, and the slope of the isochromatic
fringe loop near the crack-tip is inclined towards the crack surface according to the increasing of the inclined angle of
crack. Furthermore, the shapes of distribution of all stress components are changed from asymmetric to symmetric. In
the equal biaxial tensile load condition against the uniaxial tensile load condition, the values of stress intensity factors
are changed little, and only the region of compressive stress of o, /o, is changed when S =0° but the values of
K,/K, are increased and those of K,/K, become almost zero, namely, we have the mode I condition when

B = 15~45°.
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1. Introduction

To date, there have been various theoretical meth-
ods and experimental methods to analyze the stresses
in elasticity plane problems, and although these can
give the correct solutions for relatively simple prob-
lems, they cannot, however, give the correct solutions
for irregular geometric shapes and complex loads
found in realistic, practical problems. The solution is
to use a hybrid method that combines the merits of
the experimental, numerical and analytical methods,
etc., and many studies have been carried out as pre-
sented next.

Pian, Tong and Luk [1] analyzed the elastic crack
problem using hybrid elements in the finite element
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method. Chandrashekhara and Jacob [2] suggested
the experimental-numerical hybrid method for the
stress analysis of the plane problem of orthotropic
material. Smith, Post, Hiatt and Nicoletto [3] meas-
ured the deformation in the vicinity of a crack tip
using the hybrid approach with the moire method.
Shin et al. [4-6] studied the stress fields and stress
intensity factors (SIFs) near the crack-tip in elastic
materials and orthotropic materials using the hybrid
method for transmission type photoelasticity. But,
there has been little research on biaxial loading prob-
lems using the hybrid concept, especially, hybrid
method for photoelasticity.

In the actual structural components or machine
parts, the loading conditions are rarely uniaxial, but
typically biaxial or even triaxial. Therefore, experi-
mental studies on the various biaxial stress states,
which are more actual stress state rather than uniaxial
stress, must be carried out. In the study of biaxial
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loads, Kim and Crasto [7] studied the interaction be-
tween both longitudinal tension and transverse com-
pression, and longitudinal compression and transverse
compression, using the graphite-epoxy mini-sandwich
specimens.

Swanson and Christoforou [8, 9] have also con-
ducted similar research using tubular specimens, and
found that there is little interaction between longitu-
dinal loading and transverse loading when matrix-
dominated modes are restrained. Lim and Choi et al.
[10] studied the theory of the biaxial load effects on
crack extension in anisotropic solids, using the maxi-
mum circumferential tensile stress criterion. Shima-
moto et al. [11] obtained the stress intensity factors
according to various biaxial load ratios in the cruci-
form specimens of elastic and anisotropic material by
the photoelastic and caustic methods. Shin et al. [12]
suggested the improved cruciform biaxial specimen
with slots in the loading parts and ascertained its va-
lidity by means of finite element analyses and photoe-
lastic experiments. Shin’s paper [12] showed that,
even though the load biaxiality ratio y =1, the stress
biaxiality ratios in central region of cruciform biaxial
specimen differ according to the position from the
center of specimen. Therefore, we use the word,
“equal biaxial tensile load” that is, not “equal biaxial
tensile stress.”

However, there has been little research on the in-
fluences of equal biaxial tensile loads on the isochro-
matic fringes, near crack tip stress fields and stress
intensity factors in the mixed mode using the photoe-
lastic experiment, not to mention the hybrid method
for photoelasticity. Thus, this paper presents a pro-
posed study of these phenomena using the hybrid
method for photoelasticity.

2. Basic theory

2.1 Near crack-tip stresses for linear elastic isotropic
material

Stress components of the plane problem, obtained
from the Airy stress function for linear elastic iso-
tropic material, are [13]

o, =Re[24(2) -4 ()= ¢ (2) ]

=Re[26(2)+ 24 (2)+ '(2)| (1)

7, =Im[ 2 () +9(2)]

where ¢(z) and ¢(z) are arbitrary harmonic ana-
lytic functions with z=x+iy.

Since the stress functions ¢(z) and ¢(z) are
analytic functions, they can be expressed by the
power series as follows:

H=YCz, p(z)= D,z @

n=0 n=0

From the traction-free condition on the crack sur-
face (o, =7,=0), we have

0, +it, =4 () +(2)+ e[ 24 () +0(2)]

N

=32 {c e
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Thus substituting +7 for € into Eq. (3), we ob-
tain

D, =—{§c,, +(—1)"€} @

As shown in Eq. (4), if C, is determined, ¢(z)
and ¢(z) can be determined through Egs. (2) and
(5). Then we can define the stress components ex-
pressed by the power series as follows:

e{C,[2/(n2) - g(n.2)]+ (1)'C,f (n,2)}

%
Zi: e{C,[2/(n,2)+ g(n,2)] = (=1)'C,/ (n,2)}
i {C,zg(n 2)—=(=1)'C,f(n, z)}

Q)

where

n i nj—(n n_| 52
n,z)=—z%, n,z)=—<z| —=1|-=z;z*
fnz) =2 g(n,z) 2{ (2 ) 2}

2.2 Hybrid method for photoelasticity

To apply Eq. (5) to the photoelastic experiment,
substituting it into the stress optic law [14] gives
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Fig. 1. Photograph and schematic drawings of the biaxial loading device.
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where
fc(i’l,Z) = (_l)nf(naz)a gc(n,z) = g(n,z)

where [ is the stress fringe value of the photoelastic
specimen, ¢ is the thickness of specimen, z is the
position from the crack-tip, and N, is the isochro-
matic fringe order at the position z. Therefore, the
unknown quantities in Eq. (6) are only the complex
coefficients C, =a, +ib, . The real numbers «, and
b, can be obtained by the nonlinear least squares
method for the photoelastic experiment [5]. Thus,
substituting the obtained C, into Eq. (4), we can
calculate the D, and determine the stress functions
#(z) and ¢@(z) from Eq. (2). Then, applying the
C, to Eq. (5) gives the stress components near the
crack-tip. This process is known as the hybrid method
for photoelasticity for linear elastic isotropic material.

The relationships between the SIFs and the com-
plex coefficients C, are given in Eq. (7) [4, 6]

K,=ora,

:
K, =iza, @

K, =~27b,

where o, is tensile stress applied to the specimen,
a is half of the crack length and C (=g, +ib) is
the complex coefficient when n=1.

3. Experiment and experimental method

For this research, a hydraulic type biaxial loading
device was used, which was developed by the authors
(see Fig. 1) [15]. The device can produce both dy-
namic and static state, and control various load ratios
between X-Y axes under biaxial loading condition
since the two axes are independent of each other.

The photographs of isochromatic fringe pattern
were taken by CCD camera system (FASTCAM-Net
500C/1000C/ Max: PHOTRON).

The photoelastic specimens were poly-carbonate
plate (PS1S, Measurements Group, Inc) and had been
manufactured by end-milling by using a vertical ma-
chining centre (MC) as shown in Fig. 2. For all the
specimens, the height and width are 300 mm, the
thickness (#) is 3 mm and the width of specimen
arms (w) is 140 mm.

Almost a whole central crack was machined, with
an inclined angle, A =0°, 15°, 30°, 45 by a long end-
mill of 0.8 mm diameter, and then the crack was pol-
ished with a razor until the total length of crack (2a)
was 30 mm, in order to make it similar to a natural
crack. The stress fringe value ( /) of specimen used
in this research is 6.993 kN/m-fringe. It is important
to note that even though the equal biaxial load is ap-
plied to the specimen, the state of stress in the central
test region of the specimen is no equal biaxial stress
condition.

Photoelastic experiments under biaxial tensile load-
ing (P, :P,.=1) were carried out after those under
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Fig. 2. Dimension of cruciform specimen.

uniaxial tensile loading ( P,.: B, =0) were accom-
plished.

Note that the (X',Y") is a Cartesian coordinate
system in which the X'-axis is parallel to the direc-
tion of the horizontal arms of the biaxial loading de-
vice and the central point of specimen is the origin,
but the (X, Y) is one in which X-axis is parallel to the
horizontal line and the crack tip is the origin. In addi-
tion, the (x, y) is a coordinate system where the x-axis
coincides with the line of crack and the origin is the
crack tip, as shown in Fig. 2.

Doyle et al. [16] had pointed out that the region for
photoelastic isochromatic fringe data collection is
very important to solve the unknown variables in
fracture problems. Therefore, in order to achieve pre-
cise experimental results in this research, we should
uniformly select most of the 300 experimental data on
the x.0 or x.5 fringe orders of the isochromatics in the
region, where the distance from the crack tip is
greater than 0.2~0.3 mm, and r/a is less than 0.7,
and we should expand the power series of stress func-
tion to n=11~13.

4. Experimental results and discussion

Fig. 3 shows that the actual isochromatic fringe pat-
terns obtained from photoelastic experiments, and the
regenerated ones calculated from the obtained stress
components through the hybrid method for photoelas-
ticity, when the uniaxial tensile load (7 =0), and the
biaxial tensile load ( ¥ =1) were applied to the biaxial
specimens with a central crack of inclined angle,
S =0° ~ 45° . Here, the y means the biaxial load
ratios ( P,./ P, ). The whole actual isochromatics on

the left sides of each case were represented, and the
areas marked by “0” are the regions selected for
comparing regenerated isochromatics with actual
ones. The photos on the right side of each case are the
actual isochromatics (upper part) and regenerated one
(lower part), respectively, and “+” marks in the gen-
erated one indicate the positions where the isochro-
matic fringes were measured on each half fringe order.
As shown in Fig. 3, the regenerated isochromatic
fringes are almost identical to the actual ones, and “+”
marks are located at the center of x.0 (black) or x.5
(white) order isochromatics. Thus, it can be verified
that the hybrid method for photoelasticity used in this
research is effective.

It can be seen from the isochromatic fringe patterns
(see Fig. 3(a), (c), (e), (g)) in the selected regions in
cases of uniaxial tensile loading ( y =0), as the in-
clined angle of crack, g increases, the size of the
same order loop of isochromatics above and below
the positive X-axis (i.e., the horizontal line in front of
crack tip) becomes smaller, and the slope of isochro-
matics’ loop is slanted toward the opposite side to the
crack surface (i.e., x-axis). Also, it should be noted
that the loop of isochromatics ahead of the crack tip is
nearly symmetric about the X-axis.

For the cases of biaxial tensile loading ( » =1) (Fig.
3(b), (d), (f), (h)), on the other hand, the size of the
same order loop of isochromatics above and below
the positive x-axis (i.e., the line of crack) at each an-
gle, is almost identical, and the slope of isochromat-
ics’ loop is slanted toward the crack surface. It should
be noted that, contrary to the cases of y =0, the loop
of isochromatics near the crack tip is almost symmet-
ric about the x-axis, namely, under the mode I condi-
tion, unlike uniaxial tensile loading. It can also be
seen that the phenomenon that the two isochromatic
fringes of N=0 (black spots in circular isochromatics)
above and below the crack surface, become one when
the inclined angle of crack, A is more than 30°.

In addition, when an equal lateral tensile load is
added to the specimen under uniaxial tensile loading,
the isochromatic fringe loops, which were asymmet-
rical about the x-axis (but symmetrical about the X-
axis in front of crack), gradually become symmetric,
and the slope of isochromatic fringe loop near the
crack-tip is inclined toward the crack surface, accord-
ing to the increase of inclined angle of crack. Namely,
the mixed mode condition is changed into the mode I
condition.

Figs. 4 and 5 show contours of the normalized
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Fig. 3. Actual isochromatics and regenerated isochromatics for isotropic material.
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Fig. 4. Contour lines of normalized near crack tip stresses with biaxial load ratios, y =0 ( P,.: P, =0 kg : 400 kg) obtained from
the hybrid method for photoelasticity.
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from the hybrid method for photoelasticity.
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stress components (o, /o,, o,/c, and 7 _/o,) in
the vicinity of the crack tip, obtained from the hybrid
method for photoelasticity in the cases of y =0 and
y =1 in the Fig. 3, respectively. The stresses are nor-
malized by the applied far field stress (o, = P, /(w-1)),
and the contour lines have been increased by 0.1 steps.
Remembering that the (X, Y), in Figs. 4 and 5, is a
Cartesian coordinate system, the X-axis is parallel to
the horizontal line and the crack tip is the origin, as is
mentioned above, and the stresses are calculated with
respect to the Cartesian coordinate system (X, y), thus
the crack surface (namely the negative x-axis) in each
case has been rotated in S degrees counterclock-
wise to the negative X-axis. In Figs. 4 and 5, we can
see that the values of o, and z,, on the crack sur-
face are zero, that is, the traction-free condition is
satisfied.

In Fig. 4 (¥ =0), comparing the shapes and orders
of contour lines of stress components according to the
increase of the inclined angle of crack, it can be ob-
served that, for the o /o,, the perfect symmetric
stress contour about the line of crack (x-axis) when
S =0° changes to asymmetric, and the necked part of
“w -shape” gradually becomes flat, and the region of
the compressive stress above the crack surface gradu-
ally narrows. For the o /o,, the stress contour is
changed into the shape rotated a little clockwise to the
line of crack, and the region of the compressive stress
above the crack surface appears, and gradually be-
comes wider, contrary to the o, /o, . Next, in relation
to the 7 /o, , the stress contour is changed to
asymmetric, and the slope of stress contours is gradu-
ally slanted counterclockwise to the X-axis, similarly
to the o, / o, , and the region of the compressive stress
above the crack surface gradually narrows and disap-
pears at S =45°.

In the case of Fig. 5 with y =1, in contrast to Fig. 4,
it can be seen that the distributions of all the stresses
are symmetric about the line of crack (i.e., in the
Mode I condition), and the shapes of the distribution
are very similar to each other, regardless of the in-
clined angle of crack. Taking the x-axis (the line of
crack) as a base line, the orders as well as the distribu-
tion shapes of stress contour lines for the o, /o, and
/o, are similar to each other. For the o, /0, , the
distribution shapes of stress contours are symmetric
about the line of crack, but the value of the highest
order at crack tip becomes smaller as the inclined
angle of crack increases.

Comparing both cases of the uniaxial tensile load-
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ing and the equal biaxial tensile loading, in S =0°,
the distribution shapes and the orders of stress con-
tour lines are almost identical, except for the change
of the compressive region of o, /o, . In other words,
when an equal lateral tensile load is added to the spe-
cimen under uniaxial tensile load with £ =0°, only
the change of the compressive region of o /o, oc-
curs, thus consequently, the change of isochromatic
fringe patterns is resulted from only the change of
o, . For the cases of =15~ 45°, the asymmetrical
stress contours about the x-axis under uniaxial tensile
loading are changed into symmetrical ones, and this
transition might cause the change of the orders of the
stress contours.

It is important to note that the mixed mode condi-
tion under the uniaxial tensile loading is changed into
the mode I condition when the x-axis is taken as a
base line, and that only the compressive region of
o,/o, is changed as compared with the contours of
the stresses under uniaxial tensile loading with 3 =0°.

Fig. 6 represents the normalized stress intensity fac-
tors for each case of Fig. 3, which are calculated from
the complex coefficients obtained from the hybrid
method for photoelasticity and normalized by
K, (= o-n\/ﬁ ). Comparing the results of biaxial ten-
sile load with those of uniaxial tensile loading, the
value changes of K,/K, and K,/K, in case of
S =0° are very small in this research condition as
shown in Fig. 6. However, it is remarkable that the
values of the mixed mode condition in y =0, when
S =15 ~ 45°, are changed into those of the mode I
condition, that is, the values of K,/K, become
almost zero and the values of K,/K, are increased.
In addition, the values of K,/K, in the equal biaxial
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Fig. 6. Normalized stress intensity factors with the inclined
angle of crack.
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tensile loading become gradually smaller as the in-
clined angle of crack increases. The variation of SIFs
in Fig. 6 is coincidental with one of the isochromatics
in Fig. 3, and one of the stress contours in Figs 4
and 5.

5. Conclusions

The following conclusions were obtained through
the study on the influences of the equal biaxial load
on the stress components, and stress intensity factors
in the vicinity of crack tip, when the uniaxial tensile
load and the equal biaxial tensile load are subjected to
the isotropic polycarbonate plates with the various
inclined angle of crack.

1. The hybrid method for photoelasticity has been
introduced and its validity for the biaxial tensile
loading test was verified in this research.

2. As the equal lateral load is subjected to the speci-
men under uniaxial tensile loading, regardless of
the inclined angle of crack, the isochromatic fringe
loops which were asymmetric about the line of
crack (but symmetric about the X-axis in front of
the crack) become symmetric ones, i.e., mode I
condition, and the slopes of isochromatic fringe
loops near the crack-tip are inclined toward the
crack surface, according to the increase of inclined
angle of crack.

3. When B =0° applying the equal lateral tensile
load resulted only in the change of compressive
region of o /o,, but it did not affect the orders
and the distribution shapes of stress contours of
o, and 7. Thus, the change of isochromatic
fringe patterns was caused by the value change of
o,.

4. When f=15°~ 45° the asymmetrical stress con-
tours about the line of crack (i.e. x-axis) under uni-
axial tensile loading are changed into symmetrical
ones, and only the compressive region of o, /0o,
is changed as compared with the contours of the
stresses under uniaxial tensile loading with 3 =0°.

5. In this research, when the equal lateral load is sub-
jected to the specimen under uniaxial tensile load-
ing, the stress intensity factors in the case of
S =0° are not changed much, but the values of
K,/K, are increased, and those of K,/K, be-
come almost zero when 3 =15°~45°,

6. As the inclined angle of crack increases, under
biaxial tensile loading, the values of K,/K, be-
come smaller, but there is little difference.
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